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Abstract 

The problem of constructing the process of managing the economic system with the possibility of 
taking into account an arbitrary finite number of factors influencing its development is solved. The 
criterion for improving the well-being of the population against the background of sustainable 
economic growth was adopted as an optimization criterion. In the formulation of the problem, indicators 
are introduced that take into account the level of specific efficiency of investments in the corresponding 
factors of development of the economic system. An algorithm for the optimal distribution of investments 
is proposed that maximizes the optimization criterion over a given time interval. The solution to the 
optimal planning problem is found using a combination of analytical and numerical methods. The 
developed method for constructing the process of managing the economic system, taking into 
account an arbitrary number of factors, has a practical application. It can be used in constructing 
strategies and management in regional socio-economic systems.   
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1. Introduction 

The process of functioning of economic systems is the movement of financial, material and 

information flows that form the manufactured product. Expressed in monetary form, it is divided into parts: 

investments in production activities, in the social sphere, in increasing production efficiency, etc. The 

distribution should be carried out in an optimal way, based on the criteria for increasing the efficiency of 

the economy, taking into account the limited sources of additional investment and the need to increase the 

investment attractiveness of the region. 

The construction of strategies for the optimal allocation of funds belongs to the class of control 

problems. A special place among the tasks of optimal management of economic systems is occupied by 

tasks, the solution of which is development strategies with the aim of increasing the welfare of the 

population against the background of sustainable economic growth. The solution of such problems is 

presented, for example, in the works Alonso-Carrera et al. (2021), Ketova et al. (2013), Ketova and 

Saburova (2020). 

In many practical applications, when constructing a strategy for optimal control of economic 

systems, a one-factor macromodel of economic dynamics is used, known as the Ramsey-Kass-Koopmans 

model Ramsey (1928), Cass (1965), Koopmans (1965), the development of which is presented by the works 

of Makarov V., Rubinov A., Belenky V., Matveenko V. This is described in the monograph Belenkii (2016). 

Most of the works consider one-factor models or, less often, two-factor models. So, single-product dynamic 

models for studying the influence of the gross product on the formation of regional financial potential are 

used in the work of Davydenko et al. (2021), to build optimal management in a single-industry economy – 

in the work of Grigorenko and Luk’yanova  (2021), the work of Agarkov and Tarasyeva (2020) studied the 

proportional development of the economic system based on a one-factor macromodel of the economy. In 

the work of Ren et al. (2021), a two-factor model is used to analyze statistical information and to build 

effective management in a model of economic dynamics. The work of Kiselev et al. (2020) presents the 

results of mathematical analysis and numerical experiments of a two-sector economy. 

 In most cases, multifactorial problems are solved by reducing them to one-factorial ones. A method 

for moving from a multidimensional to one-dimensional problem setting is given in Esfandiari (2020) and 

Belenkii and Ketova (2006). 

 The development of a mathematical apparatus for solving problems with an arbitrary number of 

factors makes it possible to consider a wider range of applied problems. A group analysis of problems that 

can be formulated on the basis of classical models of economic dynamics is given in the work of Polat and 

Ozer (2020). 

A distinctive feature of the problem formulation for the economic system management in this work 

is the ability to take into account an arbitrary number of economic development factors. The proposed 

model is designed to carry out predictive scientific and analytical calculations of economic development; 

the results of experimental calculations in the case of a two-dimensional model are presented on the 

example of the Udmurt Republic. 

The result of solving the control problem is the optimal distribution of the manufactured product to 

the consumed part and investments in the corresponding areas. 
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The mathematical apparatus used to solve optimal control problems includes the L.S. Pontryagin 

and R. Bellman's optimality principle.  The maximum principle used in this work is described by the author 

in Pontryagin et al. (1961). An elementary proof of the maximum principle is given in the work of Ioffe 

(2020). Within the framework of these approaches, a necessary optimality condition is formulated in terms 

of the existence of dual variables satisfying certain relations in which there are control variables. 

2. Problem Statement 

The solution of practical problems of constructing optimal control strategies based on the use of 

macroeconomic models and filled with real statistical data presupposes the presence of a large number of 

factors. Taking these factors into account allows for strategic and operational planning and implementation 

of optimal management with greater accuracy, which is a very important property in the practical 

implementation of these strategies. 

The available mathematical apparatus for constructing models using Pontryagin's maximum 

principle and Bellman's principle of optimality is limited to the analysis of one or two factor models, which 

means there is a need to expand the application horizons for these methods. 

3. Research Questions 

The research issue in the work is an algorithm that would bring the macroeconomic system in a 

finite time to the optimal trajectory of economic development. The algorithm consists of constructing a 

directly optimal objective trajectory, and a trajectory that in an optimal rational way brings our system to 

an objective optimal trajectory. This is done by optimally distributing current investment in all factors of 

production and consumption in the system. 

4. Purpose of the Study 

The aim of the study is to build a universal algorithm that allows you to take into account an arbitrary 

number of factors in a macroeconomic system for constructing an optimal control of this system. 

5. Research Methods 

The following basic provisions are adopted. 

1. At the regional level, a homogeneous gross regional product (GRP) is produced. It is assumed 

that an arbitrary number of production factors can be taken into account: ( )nxxx ,...,1= . 

2. The volume of output is determined by −n factor production function ( )xF . It is defined in 

phase space nR+ , monotonically increases in x  and is convex upward by nR+ . 

3. We will distinguish between the working-age population ( )tL , producing GRP, and the entire 

population of the region ( ) ( )tLtLo >  – consuming. Share ( )1,0∈=λ oLL . 
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4. Annually there is a distribution of the GRP for a ( )1+n  part: investment in n  factors of 

production according to ( )nsss ~,...,~~
1=  and consumption 0

~s . Let's set the lower border s~  as 

),...,( 1 nββ=β , where 0≥βi . 0β  – the lower limit of consumption, ensuring the specific level 

of consumption oLxFc )(00 β= . The control is carried out according to ( )nsss ,...,1= . 

5. Retirement of production factors is carried out according to the vector of coefficients 

( )nγγ=γ ,...,1 . 

6. Introduce the set of admissible control vectors: 

( ) [ ]
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8. ( )nαα=α ,...,1 , ( ) 0>α ti  is an indicator of the efficiency level for new investments. 

The optimal control problem is formulated as: 
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Phase equations (3) ensure the linearity of the Hamiltonian regarding the s , and, therefore, the 

possibility of applying the maximum principle as a necessary and sufficient condition in determining the 

optimal trajectories. Under the boundary conditions (4), the left constraint is known; the right constraint is 

defined below. Let the optimal system development program is ( ))(),( txts , where )(ts  is the corresponding 

optimal control of the problem (2) – (5). 

To construct an optimal strategy, we will use the Pontryagin maximum principle. Let us write down 

for problem (2) - (5) the conjugate system of differential equations of the second condition of the maximum 

principle taking into account the classical replacement for dual variables nii ,1, =ψ  of the form 

t
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The first condition of the maximum principle in relation to problem (2) - (5) has the form: 

( ) .][maxarg,,,maxarg)(
1

∑
=Ω∈Ω∈

λ−α==
n

k
kkk

ss
qstqxsHts

nn
                               (6) 

The phase trajectory is the time function ( )tx , 0≥t , which is a line in ( )1+n -dimensional space 

( )( ) 1, +
+∈ nRtxt . The orbit of the phase trajectory is the corresponding parametric (with parameter t ) curve 

( ) ( )( ) 0,,...,1 ≥ttxtx n  in phase space nR+ . The phase trajectory ( )tx*  is called a quasi-stationary trajectory, 

if the conditions of the maximum principle are satisfied together with the equality: 

.,1, nkq
t

kk =λ≡α                                                           (7) 

Let us denote *
kq  as the value of the variable satisfying (7). We transform (6) taking into account 

(7): 
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The difference ][: *
kkkk qq −α=∆  characterizes the distance of the dual variable from its quasi-

stationary value for the current moment of time. 

Trajectory coordinates ( ) ( )( )txtx n
**

1 ,...,  and the control ( ) ( )( )tsts n
**

1 ,...,  of the problem (2) - (5) 

realizing it are determined implicitly as a solution to system (5) under condition (7). 

We will construct the optimal control ( )ts  based on the values of the coefficients ∆ . To write the 

control ( )ts , realizing the optimal phase trajectory ( )tx , in a compact form, we introduce the sets of indices 

KJI ,,  such that { }0: <∆∈= iNiI , { }0: =∆∈= jNjJ , { }0: >∆∈= kNkK ; moreover 

KJIN ∪∪= ; nN ,1= . 

In addition, we split the set K  into sets 1K  and 2K  ( 21 KKK ∪= , moreover 021 /=∩ KK ). The 

set 1K  includes the index of the element that is maximum among all other elements of the set K . Note 

that there can be several such equal elements, i.e. { }211 ,:
1
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The dual variable iq  is an estimate of the productivity for the corresponding production factor ix . 

Numerically, the dual variable is equal to the increment in the value of the Hamiltonian, with the opposite 

sign, with an increment of the factor productivity by one. 

6. Findings 

In general, the movement of the economic system along the optimal trajectory in accordance with 

the control strategy (9) consists of three stages. 

Stage I. At this stage, the following conditions are met: :, ji∀  njiqq jjii ,1,, =λ≠α≠α  (see 

formulas 7, 8). Consider two cases: the set K  is empty or not. 

Option 1. We call competing factors such factors for which 0>∆  ( 0/≠K ). If a subset KK ⊆1  

includes one index, then investments are made only in the factor corresponding to this index. Other factors 

amortize ( 0=s ) (figure 1 b, d). If the subset 1K  contains two or more indices, then stage I is absent. 

Option 2. In the absence of competing factors ( 0/=K ) all factors amortize until at least one of the 

factors reaches a quasi-stationary level (figure 1 a, c). 

Stage II. Entering a quasi-stationary orbit.  

Option 1. At stage II, the subset KK ⊆1  includes m  indices ( 2≥m ). The following condition is 

met: ,λ≠α=α jjii qq 1, Kji ∈∀ . Accordingly, ji,∀  competing factors the following is fulfilled: 

0>∆=∆ ji . Investments in competing factors are made according to the rate of accumulation 
1

ˆks ; 

investments in other factors are equal to zero (figure 1 b, d). 

Let us construct a system for determining the control variables 
1

ˆks of the strategy (9). Let us 

introduce the notation χ=α=α jjii qq . Then χ=α+α=α+α &&&&& jjjjiiii qqqq . 

We transform the sum included in the first equation of system (5): 
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where ( ) 11 \,/~;,1~ KNkqKk kkkk ∈αχ=α∈=α . 

Then (5) will take the form: 
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The first equation of system (11) is valid for all competing factors. Let us subtract the first equation 

of the system for the factor j  from the same equation for the factor i : 
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Expression (12) defines a hypersurface in )1( +n -dimensional space 1),( +
+∈ nRxt . 

Thus, the system for determination 
1

ˆks  has the form:  
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 Thus, the motion at stage II is described by a system consisting of m2  equations: )1( −m  

hypersurface equation ( ) 0, =Φ xti , )(m  phase equations ( )xtx ,ϕ=&  and the constraint equation for the 
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Thus, the motion at stage II is described by a system consisting of m2  equations: )1( −m  

hypersurface equation ( ) 0, =Φ xti , )(m  phase equations ( )xtx ,ϕ=&  and the constraint equation for the 
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Option 2. The following condition is met λ=α<α∀ jjii qqji :,  ( JIN ∪= ). Control variables 

with indices λ<α∈ iiqIi :  take values 0=is , the relevant factors amortize as long as the coefficients 

0≠∆ . The control parameters with indices λ=α∈ jjqJj :  take values *
jj ss =  (figure 1 a, c). When 

the condition 0=∆  is fulfilled for all factors, the transition to the third stage is carried out. 

Stage III. Motion along a quasi-stationary trajectory. At this stage, all 0=∆  ( JN = ), dual 

estimates satisfy condition (15), i.e njiqqji jjii ,1,,:, =λ=α=α∀ . Stage III involves the fulfillment of 

equality *
jj ss =  (Figure 1). 
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 Stages of movement of the economic system along the optimal trajectory 

7. Conclusion 

The problem of constructing the process of managing the economic system with the possibility of 

taking into account an arbitrary finite number of factors influencing its development is solved. The criterion 

for improving the well-being of the population and the quality of life against the background of sustainable 

economic growth was adopted as an optimization criterion. 

In the formulation of the problem, indicators are introduced that take into account the level of 

specific efficiency of investments in the factors of development of the economic system. An algorithm is 

proposed for the optimal distribution of investments that maximizes the optimization criterion over a given 

time interval. The solution to the optimal planning problem is found using a combination of analytical and 

numerical methods. The algorithm for constructing the optimal control includes three stages. All variants 

of trajectories possible combinations for factors dynamics are considered, proceeding from their values at 

the initial moment of time. 
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Thus, the mathematical apparatus for describing multidimensional models of macroeconomic 

dynamics is presented. The parameters of the quasi-stationary trajectory are determined, the strategy of 

optimal control of production factors is built. The resulting algorithm can be used in real calculations to 

build strategies for optimal control of economic systems with an arbitrary number of factors. 
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