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Abstract

The article studies a multi-industry system in which industries are active objects. Their activity in this
context is manifested in changes in their own technologies in order to maximize profits. This, in turn, affects
the coefficients of direct and total material costs. As a result, labor and capital intensity change. A
mathematical model has been developed to analyze the patterns of these changes. The production function
of the industry as an element of the system is suggested. A mathematical problem is formulated that reflects
the industry's desire to maximize profits in the context of intersectoral relations. The solution to the problem
is a formula that determines the most acceptable coefficients of direct material costs for the industry as a
function of prices. The coefficients of direct material costs affect all parameters of the system, including
the coefficients of total labor costs. The latter, according to the labor theory of value, are the basis of prices.
To study the results of the mutual influence of cost and price coefficients, a two-level model has been
developed. The lower level is represented by models of active industries. The upper level plays the role of
a price regulator. The universal regulator is the market. But this function, at least partly, can also be assumed
by some macroeconomic regulation body. The model calculation shows that the process quickly converges
to a stationary state.
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1. Introduction

In the classical Leontiev model, each industry is represented by only one technology (Leontiev,
1981). The coefficients of direct material costs are constants. In reality, industries are active objects (Miller
& Blair, 2009). They restructure technologies according to their own interests and the external situation.
This leads to a change in the coefficients of direct material costs. As a result, the entire inter-industry

balance changes. It is interesting to consider what the patterns of these changes are and what they lead to.

2. Problem Statement

Let's form a model of the industry as an element of a multi-industry system. Following the
neoclassical theory, we assume that the industry is described by a power production function. Then the

gross volume | of the industry as a function of the products used by it can be represented as follows:
X; = 4% X 1)
n
where 4, is the scale multiplier; ¢ - elasticity, Eau =1.

Let's divide both parts (1) by X; :
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Given that, x;X;" =a; we get:
. a=1. v
The set of solutions to this equation is infinite. Of all the possible solutions, the industry will prefer
the one that gives it the maximum profit. In this context, it results in maximizing the specific margin income,
i.e., in solving the problem
n
P, =c, —;ciaﬁ — max,
i
s ay =1 ®
a; = 0,i=12,...n,

where C - the prices of the products.

3. Research Questions

Let's solve problem (2) and study the solution in the context of intersectoral relations. Let's assume
that the prices of the products are known. Let's define the optimal technology as a function of prices. Let's

apply the method of Lagrange multipliers.
Lj(aj,/lj):c].—éciaﬂ/lj(ﬂj Gay.ay —1). )

The conditions of stationarity:
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Let's use the last equation of the system to express the Lagrange multipliers in terms of the remaining

parameters:
— 1 -1 P
A= U, H(a,lc, ) , ) =12,...,n
Using this expression, we obtain a solution that defines the coefficients of direct material costs as a
function of prices:
8,(¢)= a6 e e ) ™ 1=12,0m. )

Let's consider the question of prices. Leontiev's model implicitly contains Marx's labor theory of
value. Indeed, according to this theory, price is the monetary expression of value, and value reflects the
socially necessary costs of labor. In the Leontiev model, this category appears in the form of coefficients
of total labor costs (Edinak, 2020).

Let L, be the number of employees in the i-th industry. By analogy with the coefficients of direct

material costs, we introduce the coefficients of direct labor costs: t; = L, Xi’l, i=12,..n

Knowing these coefficients, we can calculate the total demand for labor resources for a given
volume of gross output production;

L= Zn: L = Zn:t,x,
i=1 i=1

Expressing gross production in terms of final production, we write this ratio as follows:

=3By =Z(Zb”,j

where by; are coefficients of total material costs; byt; is a value that shows how much labor resources of

the i-th industry are needed in order to provide with the I-th product the output of a unit of the j-th final

product. Summing up for all industries, we get the full labor intensity:

T, Zb”,, j=12,.n

It shows how much social labor is needed to produce a unit of the j-th final product. In this case, we will

consider these values as the prices of products.
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cl@)=T=tB=t(E-A)". (6)
Thus, we have found two formulas. Formula (4) shows the dependence of direct cost coefficients on

prices, and formula (5) shows the dependence of prices on direct cost coefficients.

4. Purpose of the Study

The purpose of the study is to find out how the activity of industries associated with increasing their
own efficiency affects the entire system. In particular, how the process caused by the mutual influence of
costs and prices coefficients affects its productivity. The ratio of total final product to total gross product
should be considered an integrated indicator of system productivity (Oosterhaven et al., 2019). The higher
this ratio is, the lower the costs of system-wide resources to produce a given final product. The study should
answer the question of whether the state of maximum productivity is achievable. If so, what are the
conditions for achieving this state. Finally, to what extent the local goals of individual industries coincide

with the system-wide goal.

5. Research Methods

The answers to these questions will be obtained by implementing an iterative process in a two-level
model (Figure 1). Each industry, using the effect of interchangeability of resources and current prices,
optimizes its own technology, based on the desire for maximum profit. The corresponding cost coefficients
are transferred to the cross-industry model, where prices are recalculated. New prices are reported to the
industries and the process is repeated. The calculation is carried out until the next step produces almost the

same result as the previous one (Shirov & Yantovsky, 2017).

Inter-industry
model

Prices The Matrix A

Industry models

Figure 1. Two-level representation of the model

Source: author.

The algorithm is as follows (Figure 2):

1. Perform initial assignments. We assign some initial price values to products, for exampleC, = t,

where k =0.
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2. Take the next stepk = k +1. Substituting pricesc, , in formula (4), we determine the matrix of
coefficients of direct material costs A, .

3. Calculate the current values of the inverse Leontiev B, = (E — A )™ matrix, gross product X, = B,Y
, labor needs L, = (t, X, ).

4. Check the condition L, ,— L, <& where ¢ is a sufficiently small number. If the condition is met,

stop the process, otherwise go to the next point.

5. Calculate the pricesc, = tB, and take them as the initial parameters of the next step. Go to item 2.

Coon >
!
:

6. Output the calculation results.

A 4

5
6
Figure 2. Block scheme of the inter-industry balance optimization algorithm

Source: author.

6. Findings

Let's illustrate the proposed algorithm with a simple example. Let the values of the coefficients of

direct material costs, the elasticity of production functions and the coefficients of direct labor costs be given:

032 013 0,03 03 04 01 01
024 041 014|, «={04 04 04| t=|0.2
014 004 021 03 0,2 05 0,3
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Let's calculate the matrix A in which the productY :(100, 100, 100)T is produced with
minimal labor costs. That is, we determine the matrix A at which a multi-industry system gives the greatest
productivity.

Let's use the original matrix A to calculate the scaling factors. It follows from (2) that

ﬂjzﬁ’iﬂ,l&
j Ay 8
We get:
— 1 J— 1 — .
= alafal  0,32°%0,24%014%° 7
1 1
= = —381:
e apragraly | 01370,4170,04%
1
fy = — L 348

aaizaz  0,03°'0,14%0,21°°
Let's assign some initial prices to the products. Let's assume that they are equal to the coefficients
of direct labor costs. Next, we will perform a sequence of stepsk =1, 2, ....

The results of the calculation in steps:

010 0,40 050 017 6761
¢, =|020|—> A =026 025 034|— X,=|5141] L, =267,0
0,30 013 0,08 0,28 322,0
0,77 029 035 0,09 3336
c,=|089| > A, =032 028 029|— X,=|389,6 | L, =2124
1,01 019 012 0,30 3016
0,62 025 033 0,08 3294
c,=|068|—> A =030 026 0,27|—> X,=|387,7| L, =2027
0,79 0,20 013 0,30 3051
0,60 024 031 0,08 326,5
c;=|067|—> A, =030 027 0,27|— X,=|387,7|,L, =20L6.
0,75 020 013 0,30 305,0
0,60 024 031 008 3265
¢, =|067|—> A =030 027 0,27|—> X,=|3877| L =2016
0,75 020 013 030 305,0
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As you can see, the process for five iterations converged to a stationary state. Maximum system
productivity has been achieved. The initial and final productivity are equal to 0.20 and 0.29, respectively.
That is, the productivity of the system increased by 45%.

The study provides a basis for interpreting intersectoral relations in a broader sense than in the
classical Leontiev theory. The connection of industries is not limited to the exchange of products. Industries
influence each other's production functions. This influence is carried out through the coefficients of direct
material costs and prices. Another important conclusion is that the desire of industries to increase their own
profits does not contradict the goals of the system. That is, optimization by local criteria leads to the
maximum of the general criterion. Price regulation plays an important role in this process (Kichikawa et
al., 2020). Achieving system-wide consensus is a condition for maximum productivity. It is expressed in

the formation of prices at which no industry seeks to change its technology.

7. Conclusion

The efficiency of the economy, as a system of interacting industries, depends not only on how
effectively individual industries work. It is important how well their technologies, which are reflected in
the direct material cost coefficients, are coordinated with each other. If industry technologies do not
combine well with each other, then most of the gross product is locked inside the production system. In this
case, production largely works for itself. There is an excessive expenditure of labor and other resources.
The increase in productivity of a multi-industry system is the result of the laws of the market. But the market
mechanism is inertial. Therefore, the mechanisms of macroeconomic regulation play an increasingly
important role in the modern economy. The digital economy creates prerequisites for a significant

improvement in the quality of such regulation (Shirov, 2018).
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