
 

 

European Proceedings of 
Social and Behavioural Sciences  

EpSBS 
 

www.europeanproceedings.com e-ISSN: 2357-1330 
                                                                               

This is an Open Access article distributed under the terms of the Creative Commons Attribution-Noncommercial 4.0 
Unported License, permitting all non-commercial use, distribution, and reproduction in any medium, provided the original work is 
properly cited. 

DOI: 10.15405/epsbs.2020.12.04.48 
 

 

ISMGE 2020  
II International Scientific and Practical Conference "Individual and Society in the 

Modern Geopolitical Environment"   
 

FIGURATIVE THINKING IN STUDYNG AND TEACHING 
FUNDAMENTAL MATHEMATICAL CONCEPTS AT SCНOOL  

 
 

Igor Kiselnikov (a)*  
*Corresponding author 

 
(a) Altai State Pedagogical University, Dimitrova 41-146, Barnaul, Russia, Kiselnikov_iv@altspu.ru 

  
 
 

Abstract 
 

The article reveals the problem of applying figurative thinking in the process of studying the fundamental 
concepts of mathematical analysis. The fundamental concepts of mathematical analysis include: real 
number, function, limit of a function at a point, continuity of a function. The article reflects the content of 
student’s ideas about fundamental mathematical concepts of mathematical analysis, the possibility of 
actualization of student’s pre-scientific ideas. The regularities of development of pupil’s visual images of 
mathematical notions are specified. The findings are based on studies of students' ideas about 
mathematical concepts. The types of images of mathematical concepts are disclosed: geometric, 
symbolic, artistic. The essence of stages of formation of fundamental mathematical concepts is 
characterized: the stage of "worldly" representations, the stage of monomodal mathematical 
representations, the stage of complex representations, the conceptual stage, the conceptual stage. The 
possibilities of using various forms of mathematical notions' representation are specified. The schemes 
demonstrating the interrelation of mathematical concepts and ideas in a school mathematics course are 
given. At presentation of a theoretical material the picked up examples which illustrate use of figurative 
thinking of pupils at studying of fundamental concepts of the mathematical analysis in a course of 
mathematics are applied expediently.   
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1. Introduction 

In didactics and psychology the theory of step-by-step formation of mental actions, which 

implements an operational approach to the formation of concepts, is developed. According to this theory, 

the learning of mathematical concepts takes place in the process of learning activities: summarizing under 

the concept; deducing the consequences; comparison; classification. The action is not assimilated if it is 

not carried out. Performing actions with features of concepts and serve as a tool for building a concept, its 

creation.  

In addition to the operating room, there is an updated approach to the formation of concepts 

associated with the construction of an image that develops from the reflection of students' experienced 

ideas to higher degrees of abstraction. With this approach, the main attention is paid to the formation of 

associations of worldly ideas and previously acquired knowledge with new, subject to training. 

   

2. Problem Statement 

The formation of the concept of continuity of a function can be implemented through the 

construction of an association of geometric representations of this concept with an intuitive idea of the 

continuity of a curve — a line that can be moved with a free movement of the hand without taking the 

pencil from the paper. Among other mathematical facts, the images of which can be associated 

associatively in the students' minds, we give the following: the limit of the function in accuracy and the 

value of the function at the point, the argument of the function and the value of the function, the 

discontinuity of the function at the point and the continuity of the function at the point. These examples, 

firstly, do not exhaust all possible associations in the study of the fundamental concepts of mathematical 

analysis. Secondly, they illustrate only those associations that can be deliberately built in the learning 

process, and not at the first stage of cognition, but in the future. If these associations do not correspond to 

the mathematical meaning of the concept, then in the future this can lead to erroneous conclusions and 

incorrect generalizations. This will be manifested in errors in solving problems, difficulties in using this 

concept for the further construction of the theory. 

In a stating experiment, high school students were offered the task of identifying associations with 

terms: aspiration, correspondence, change, dependence, movement (which mathematical concepts arise in 

association with these terms). If “correspondence” was associated with the concept of function by about 

90% of people, then with the term “dependence” only 40% of students associate this concept. 60% found 

it difficult to answer. This example shows that the idea of dependence does not work, despite the fact that 

the term “dependence” is used in the definition of a function that is given in a school course.   

 

3. Research Questions 

The same conclusion is drawn by the fact that many schoolchildren have difficulty assigning tasks 

to construct functions that model some relationship between the quantities (physical, geometric, etc.) 

available in existing textbooks. The consequences of this are difficulties in solving the problems of using 

the derivative, to which the program in mathematics pays special attention. 
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The process of conscious study of fundamental mathematical concepts can be ensured based on the 

figurative component of thinking, which makes it possible to involve various forms of representing ideas 

in the formation of concepts. The role of imagery in the development of human intelligence is noted in 

philosophical, psychological and pedagogical scientific literature. An image is a subjective picture of the 

world or its fragments, including the subject himself, the spatial environment, the temporal sequence of 

events (Ganzen, 1974). 

In training, images perform important functions that are reflected in the scientific and 

psychological literature (Correa & Guzmán-Franco, 2001; de Boer et al., 2018): 

 acquisition, storage and reproduction of information; 

 creating a proactive behavior program; 

 reference function; 

 regulation of actions. 
 

Figurative thinking is an activity that provides the creation of images, operating them, transcoding 

them in a given or arbitrary order, using different reference systems to build images, highlighting various 

signs and significant properties in the image. 

In the process of teaching fundamental mathematical concepts, figurative thinking is formed under 

the influence of two factors. Firstly, the content of concepts, conditions and forms of presentation of the 

facts to be studied. Secondly, the subjective selectivity of students, their propensity to work with the 

image, emotional attitude to knowable facts. 

For a successful study of the beginnings of mathematical analysis, it is necessary for students to 

have a stock of initial, simplest images (specific functions: linear, quadratic, inverse proportionality; their 

graphs and properties) that carry information in various forms. 

Visual images are divided into three types: 

 geometric (graphic); 

 sign-symbolic; 

 art. 

 

4. Purpose of the Study 

Geometric images capture the properties of abstract objects, reflecting such as shape, size, spatial 

distribution. In mathematical analysis, such objects are a function, a sequence, a function limit, for which 

the geometric representation is most adequate. The ability to operate with graphic images is inherent in 

almost all students. This is confirmed by one of our ascertaining experiments, when even before a 

detailed study of the properties of functions, the concepts of limit and continuity, students were offered a 

task in which three function graphs were grouped. The functions given in each of the groups possessed 

one common property. Students were required to supplement each of these groups with a fourth function 

from a separate set. Most students (87%) completed the task correctly. 

Sign-symbolic images reflect the common properties, operations and relationships inherent in ideal 

objects. The latter are characterized by a specific set of elements (numbers, letters, symbols, etc.), a 

designation of the relationship between them, their spatial distribution and mutual affiliation. This type of 
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image plays an important role in the formation of the semiotic function of children (Snakov, 2005). The 

study of the fundamental concepts of mathematical analysis is associated with the formation of sign-

symbolic images of analytical functions, function limits, etc. This type of images provides the ability to 

solve equations, inequalities, perform expression transformations, which is important in the study of 

mathematical analysis. 

Artistic images are characterized by the ability to most fully reproduce the objectivity of the 

object, the whole variety of its features. The significance of the perceived object for the student’s 

personality when creating an artistic image is most important. When they study the fundamental concepts 

of mathematical analysis, this type of image contributes to the emotional and aesthetic perception of facts, 

which occurs due to the connection with any life situations, the involvement of historical material of 

interest to the student. 

  

5. Research Methods 

The study was carried out on the basis of a set of theoretical approaches and empirical methods, 

which made it possible to identify various approaches to the formation of mathematical concepts. 

Teaching methods were used: analysis of scientific literature on the problem of the formation of 

mathematical concepts, studying the experience of teaching mathematical analysis at school, organizing 

and conducting a stating experiment, and qualitatively processing its results.   
 

6. Findings 

It is possible to begin training in the fundamental concepts of mathematical analysis with the 

disclosure of the underlying concepts. Since it is difficult to achieve this by means of only analytical 

thinking, it is important that the image of the students be formed. At the first stage - a visual image, which 

subsequently develops to a conceptual one. At the same time, in order to understand each of the concepts, 

it is necessary for students to go through a series of stages that can be represented in the form of a 

diagram (Figure 1). 

 

 
Figure 01. Fundamental mathematical concept 
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Let us characterize the essence of each of the stages in the formation of a fundamental 

mathematical concept. 
 

A. Stage of everyday representations 

Without attention to personally significant psychic formations - spontaneously formed pre-

scientific “worldly” ideas, the possibility of organizing meaningful assimilation of concepts is unlikely, 

due to the lack of guarantees that the facts presented to the student’s attention will be accepted 

irrespective of their knowledge. In this regard, “everyday” ideas related to the terms of concepts are 

analyzed in order to determine their adequacy to the scientific meaning of concepts. 
 

B. Stage of monomodal mathematical representations 

At this stage, based on “everyday” ideas, the student is represented in the most adequate form by 

objects representing the scope of the concept. The choice of one form or another for the presentation of 

mathematical material at school is due to the compliance with two basic requirements. First, the 

presentation of the content should in the most vivid form reflect the essence of the concept being studied, 

that is, adequacy from a mathematical point of view is necessary. Secondly, this form should contribute to 

the development of the image of the concept, becoming the first step in understanding (Bahmutskij, 

2012). 
 

C. Integrated presentation phase  

Images in which objects are reflected in the totality of their properties and relationships are called 

complex representations. In the framework of such representations, the student can move from the 

analysis of some properties of the object to the analysis of its other properties, showing flexibility in 

thinking. 
 

D. Stage of monomodal mathematical representations 

Based on the complexes of representations that reflect the properties of mathematical objects in 

various forms, the essential properties are distinguished. At this stage, definitions of concepts are given at 

the level of rigor that meets the learning objectives. Formal procedures for handling the concept are being 

worked out (Kuleshova & Brejtigam, 2019). 
 

E. Conceptual phase 

At this stage, a holistic content of the concept is formed, containing logical and intuitive 

components. The concept is not reduced to individual elements of representations, but is characterized by 

an awareness of meaning. This ensures that the concept is used to build another theory, to solve non-

standard problems that require students to independently choose an adequate form of presentation of the 

concept, the optimal transfer of content from one form of presentation to another (Imai et al., 2016). 

The implementation of the operational approach (Bloom, 1956) gives good results in the study of 

such concepts that: 

a) do not contradict the everyday ideas of students; 

b) have a first level of abstraction; 

c) are implemented within the same discipline; 
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d) have an image expressed in one form. 
 

The operational approach can be used, for example, in the study of the concepts of Euclidean 

geometry (Schrijvers et al., 2019). In the process of studying the fundamental concepts of mathematical 

analysis, the operational approach is applicable to the formation of concepts that play an auxiliary role. 

For example, interval, function argument, function increment at a point, etc. 

When studying the fundamental concepts of mathematical analysis, such an approach (Kisel'nikov, 

2010) is less suitable for obtaining the desired results. The reasons are as follows. 

1. The knowledge of the concepts of number, function, limit and continuity of function is not 

limited to the framework of one school discipline. They are in the nature of meta-subjective concepts. 

Meta-subjective concepts are key fundamental objects that have their manifestation and problems in 

various academic disciplines (physics, chemistry, economics, history, and others, both natural and human 

sciences). Primary meaning is a key concept, category, phenomenon or other object that concentrates a 

fairly wide area of knowledge and goes beyond the scope of one discipline. Other examples of primary 

thinking are the categories of space, time, motion; concepts of letters, notes; elements of the world - fire, 

water, air, earth. We will also include the ideas of measurement, infinity, proximity, symmetry, change, 

aspiration, and dependence as primary ideas. These ideas are closely related to concepts (Figure 2). 

 

 
Figure 02. Relationship of concepts and ideas in the school course of mathematical analysis 
 
The process of learning the fundamental concepts of mathematical analysis can be constructed in 

such a way that it gives life to the ideas that underpin it. This will make it possible: to establish links 

between the concepts, ideas and concepts under study; to bring theory closer to the practice of its 

application. The possibility to involve worldly ideas in the learning of mathematical analysis, to build 

associations between these ideas and mathematical ideas in the operational approach is not considered. 

According to it, the concept can be considered assimilated by a student if he possesses essential properties 

and is able to use them in the process of operation. As a result of learning, the pupil should develop a 

knowledge system - a set of both basic and derived features of subjects we know of in the concept, as well 

as knowledge of what specific forms the elements contained in its volume exist. However, this does not 
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exhaust the knowledge about the concept. Even when dealing with purely abstract objects, a person 

strives to introduce into his or her reasoning the elements of visibility, constructing for this purpose some 

notions - visual models of objects. These visual models allow making visible the ideas underlying the 

notion. 

2. At studying of fundamental concepts of the mathematical analysis it is necessary to consider 

rich expressive possibilities which are available for their representation. Various forms can be used: 

verbal, sign-symbolic, graphic. No other section of mathematics studied at school has such a wide range 

of possibilities of representation. In order to illustrate the advantages of mathematical analysis in its 

fundamental part, it can be compared with the algebraic material studied at school (Figure 3). 

 

 
Figure 03. Concepts and ideas of a school course in algebra 

 

Firstly, most algebraic concepts and ideas do not have the nature of first thoughts. Secondly, the 

ideas accompanying algebraic concepts and facts are expressed mainly in sign-symbolic language. The 

difficulty in mastering this language, the impossibility of reinforcing it with a more accessible geometric 

pattern for students leads to the fact that the possibility of understanding the meaning of these ideas 

becomes real closer to the end of the study of the concepts of the course. Conditionally symbolic images 

of algebraic ideas are formed only on the basis of multiple transformations, operations. This is associated 

with the cost of training time. We have a fundamentally different picture when studying the fundamental 

concepts of mathematical analysis. The richness of expressive means for presenting his ideas, the lack of 

the need for preliminary assimilation of the operational side makes it possible to study them earlier - 

before acquaintance with the concept, at the very first stage. Moreover, the development of ideas comes 

earlier than the development of the full content of the concept. This creates the basis for understanding. it 

is precisely the ideas that are clearly presented that act as such a means for the student. 

3. The everyday representations of students associated with the terms addiction, conformity, 

aspiration, limit, continuity, etc., formed at the time of studying the beginnings of mathematical analysis 

for the most part spontaneously, are characterized by blurry, fuzzy, incomplete on the one hand and 

individuality, personal significance - with another. the transition from everyday perceptions through the 

definition to the concept cannot be carried out according to the operating scheme, since the actions taken 

cannot be directly correlated with individual images. It is necessary to carry out preliminary work on 
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bringing individual images to such a level when they will be characterized by clarity. Ignoring individual 

images, an early transition to abstractions leads to the formation of inadequate ideas in students, although 

the student demonstrates formal knowledge. For example, when solving inequality by the interval 

method, technical errors are made, the cause of which is the habit of determining the sign of a function at 

various intervals by direct substitution, while the method of analyzing sign changes is more reliable. 

Students' representations perform an important function not only at the first stage of studying 

concepts, but also at the final stage: for application to solving applied problems, for use in non-standard 

situations (Podhodova, 2015). In the search for solutions to problems, when reasoning is conducted 

blindly, by touch, it is not known which of them will be needed to solve, success provides possession of 

representations of content in various forms. The flexibility of thinking is ensured by the complexes of 

representations containing information about the concept in verbal, graphic, sign-symbolic forms, which 

allow translating content from one form to another (Mullis & Martin, 2017; Weinberg, 2017). 
   

7. Conclusion 

The study of the use of imaginative thinking in the study of the fundamental concepts of 

mathematical analysis in the school course of mathematics allows us to draw the following conclusions. 
 

A. Concepts are formed in stages 

The formation of fundamental concepts of mathematical analysis can be carried out on the basis of 

updating intuitive representations, and later on, gradually improving the images of these concepts (from 

reflection in representations of mathematical content expressed in one form to a complex representation 

in various forms, and from it to a holistic conceptual representation). In the learning process, the student 

must go through a series of stages from worldly representations to conceptual understanding. 
 

B. In the process of forming concepts, content is translated into various languages of 

representation 

The need for students to develop flexible thinking, which is based on complexes of representations 

of the content of the fundamental concepts of mathematical analysis, is the reason for special 

consideration of the translation of mathematical content into various presentation languages. 
 

C. For the formation of concepts using special methodological tools 

An analysis of the scientific psychological and pedagogical literature concerning the problem of 

the formation of mathematical concepts leads to the realization of the need to choose methodological 

tools for the formation of integral images of the fundamental concepts of mathematical analysis. Such a 

tool can be special tasks, tasks and exercises. 
 

D. The formation of fundamental mathematical concepts is based on the imaginative thinking of 

students 

It is possible to attract means of imaginative thinking to the formation of the fundamental concepts 

of mathematical analysis. The following is fixed in the images: the ideological meaning, due to which the 

concept is operated consciously, applied to solve non-standard problems, and subjectively processed 
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experience. It is impossible to create and hold an image, let alone operate in an image to the content of 

which the subject is indifferent. 
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